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Abstract
The spherically symmetric thin shells of the macroscopically stable quark-gluon matter are considered within the frame-
works of the bag model and theory of discontinuities in general relativity. The equation of state for the two-dimensional
matter is suggested, and its features are discussed. The exact equations of motion of such shells are obtained. Distin-
guishing the two cases, circumstellar and microscopical shells, we calculate the parameters of equilibrium configurations,
including the conditions of decay (deconfinement).
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In a lot of models of strong interactions the strange quark matter, consisting of the u-, d-,
s-quarks, is the most energetically favourable state of baryon matter. Because of small electrical
charge of the quark component as well as due to the saturation property, analogous to that of
nuclear forces, the strange quark bags with the baryon number, varying within the wide ranges
102− 1057, are stable. Witten [1] specified the two ways of formation of the quark-gluon matter
(QGM): the quark-hadron phase transition in the early Universe and conversion of neutron stars
into the strange ones. Quark bag models in the theories of strong interactions (the MIT [2],
IETP, chiral models) suppose that the breaking of physical vacuum takes place inside hadrons.
As a result, the vacuum energy densities outside and inside a hadron become essentially different.
Appearing in this case the vacuum pressure B on a bag wall equilibrates the pressure of quarks
and thus stabilises the system. Phenomenological estimations give B = (50−91.5) MeV fm−3. In
accordance with the quantum chromodynamics (QCD) and properties of the quark-gluon plasma
(QGP) [3, 4] it is usually supposed that the bag surface consists of such a quark-gluon plasma,
that is the lightest u-, d-quarks and gluons, which were the first to come to the deconfinement
state. Thermodynamically the bag is described by the limit equation of state [2, 5]
(3)p =
1
3
(
(3)ε− 4B
)
, (1)
where (3)ε and (3)p are the total energy density and pressure inside the bag respectively, 4B =
εQGP is the energy density of the quark-gluon plasma (if one supposes B = BMIT = 67 MeV fm
−3
then εQGP = 4.3× 1035 erg cm−3). The bag constant B determines a value of the confinement
strength. The equation of state (1), in which quarks and gluons are considered as free mass-
less particles, demonstrates the agreement between QCD and macroscopical properties of stable
QGP determining the macroscopical quark-gluon matter.
Before we start let us remark upon the used system of units. In our theory we have three
constants: the velocity of light c, the gravitational constant γ and the characteristic length of
confinement lc ≈ 1 fm. It can easily be seen that the system of these units has the same com-
pleteness as the Planckian one, i.e., any value can be made dimensionless. Therefore, below we
will consider all the quantities as dimensionless ones, except the cases when numerical estimates
will be represented.
Thus, the aim of present paper is to study the thin spherically symmetric shells of the macro-
scopically stable quark-gluon matter within the frameworks of general relativity, thereby it will
be shown below that inclusion of such shells makes the bag model assumptions viable from the
viewpoint of general relativity. The singular thin shell turns to be a model of some independent
shell-like entities (for instance, the shell rejected by the strange star or the surface of a phase
transition), whose thickness is negligible in comparison with a circumference radius. It is de-
scribed by a three-dimensional closed hypersurface, embedded in the four-dimensional spacetime
and dividing it into the two domains, the external (Σ+) and internal (Σ−) spacetimes. Beginning
from [6, 7] the theory of surface layers has been widely considered in the literature (see ref. [8] for
details)2. We only point out the vital difference between the description of the boundary surface
(for instance, the surface of star) and shell. The first one is the discontinuity of the first kind
(the density has a finite jump across the surface) and is described by the Lichnerowicz-Darmois
2Nevertheless, the features of singular layers as models of particle-like objects remain to be relatively unknown, see ref. [9] and references
therein.
2
junction conditions (the first and second quadratic forms are continuous on the surface). The
thin shell is the discontinuity of the second kind (the density has the delta-like singularity on
the shell) and is described by the Lichnerowicz-Darmois-Israel junction conditions: the first
quadratic form is continuous, the second one (the extrinsic curvature) has a finite jump.
So, one considers a thin shell with the surface stress-energy tensor of a perfect fluid in the
general case
Sab = σuaub + p(uaub +
(3)gab), (2)
where σ and p are respectively the surface energy density and pressure, ua is the timelike unit
tangent vector, (3)gab is the 3-metric on a shell. We suppose the metrics of the spacetimes outside
Σ+ and inside Σ− of a spherically symmetric shell to be in the form
ds2± = −[1 + Φ±(r)]dt2± + [1 + Φ±(r)]−1dr2 + r2dΩ2, (3)
where dΩ2 is the metric of the unit 2-sphere. It is possible to show that if one uses the proper
time τ , then the 3-metric of a shell is
(3)ds2 = −dτ 2 +R2dΩ2, (4)
where R = R(τ) is a proper radius of a shell. Also the energy conservation law for the matter
on a shell can be written as
d
(
σ (3)g
)
+ p d
(
(3)g
)
+ (3)g ∆T τn dτ = 0, (5)
where ∆T τn = (T τn)+− (T τn)−, T τn = T αβuαnβ is the projection of the stress-energy tensors in
the Σ± spacetimes on the tangent and normal vectors, (3)g =
√
− det ((3)gab) = R2 sin θ. In this
equation, the first term corresponds to a change in the shell’s internal energy, the second term
corresponds to the work done by the shell’s internal forces, while the third term corresponds to
the flux of the energy through the shell.
Imposing junction conditions across the shell, we derive the equations of motion of such shells
in the form
ǫ+
√
1 + R˙2 + Φ+(R)− ǫ−
√
1 + R˙2 + Φ−(R) = −m(R)
R
, (6)
m(R) ≡ 4πσR2, (7)
where R˙ = dR/dτ is a proper velocity of the shell, ǫ± = sign
[√
1 + R˙2 + Φ±(R)
]
, m(R) is
interpreted as the (effective) rest mass.
Equations (5) - (7) together with the equation of state p = p(σ,R), choice of the metrics Φ±(r)
(3) and signs ǫ±, completely determine the motion of the shell in general relativity. Therefore,
we must resolve the next three problems: (i) the choice of ǫ± in eq. (6), (ii) the choice of an
equation of state, (iii) the choice of Φ±(r).
(i) The choice of signs ǫ±. It is well-known, that ǫ = +1 if R increases in the outward normal
of the shell ( e.g., it takes place in a flat spacetime), and ǫ = −1 if R decreases (a semiclosed
world). Thus, only under the additional condition ǫ+ = ǫ− = 1 we have an ordinary shell [10].
In the paper we will deal purely with such shells.
(ii) The choice of the equation of state of the two-dimensional matter. For the thick layer
(bag) we already have the phenomenological equation of state (1). Now we attempt to connect
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it with the (spatially) two-dimensional equation of state, which would take into account all
features of eq. (1). The correspondence between the integrals∫
(3)ε d
(
4πR3/3
)
⇐⇒
∫
σ d
(
4πR2
)
(8)
is a correct way for it. Hence we have
σ ⇐⇒ 2 (3)εR, p⇐⇒ 2 (3)pR, (9)
and, therefore, we can connect eq. (1) with the equation of state
2p = σ − 8BR, (10)
taking into account the reduction of dimensionality of the stress-energy tensor. It should be
noted that this equation has not to be the equation of state for the bag surface if it assumed to
be the boundary surface. The boundary surfaces (i.e., discontinuities of first kind) can not have
a priori neither surface density of energy nor surface pressure. As for the QGM layer that it has
to be the independent object in which quarks are trapped. In the thin-wall approximation it is
described by a singular hypersurface, and the relation (10) turns to be the effective equation of
state of the two-dimensional strange matter, quark-gluon matter. Thus, the physical picture is
as follows. Inside the quark bag the QCD vacuum is degenerated, quarks are highly compressed
into a radiation fluid and turn to be free particles; the principle of asymptotical freedom says
that strong forces increase when distance between quarks increases. Further, on the surface
of a bag the pressure decreases, hence the distance between quarks increases that leads to an
appearance of the strong gluon interaction and stable quark-gluon composite.
Let us find both the surface density and pressure as explicit functions of radius. They are
determined by the solution of the differential equation (5) with provision for both eq. (10) and
(T τn)+ = (T τn)− = 0. The last condition is valid for all the metrics (3) (see [11] and references
therein). We have
σ/2 = BR + δ2R−3, p = −3BR + δ2R−3. (11)
It is evident that the QGM shell is not the bubble, for which σ = −p = constant. These
expressions correspond, according to eqs. (9), to
(3)ε = B + δ2R−4, (3)p = −B + δ2R−4/3. (12)
Here δ is the integration constant, whose value and sense will be found below. We call it the
quasicharge of the matter, since, it (a) determines a value of the effective repulsion force between
QGM particles, (b) has a dimensionality of charge. Supposing (3)p = 0 at R = 1, we obtain
δ2 = 3B, (13)
and hence we have the expected result (3)ε|R=1 = 4B = εQGP. It can readily be seen that
at R > 1 the pressure is negative, and repulsion forces are relayed by the attractive ones,
thus counteracting to infinite expansion (deconfinement, see below) of the shell. At R < 1 the
pressure, on the contrary, prevents from unlimited collapse.
As an addition we give the proof by contradiction that the true QGM shell must always have
a finite radius. Let us suppose, for instance, that both eqs. (12) and equation of state (1) are
satisfied. Then at R =∞
(3)ε∞ = B,
(3)p∞ = −B, (14)
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and, therefore, the asymptotic equation of state
(3)ε∞ +
(3)p∞ = 0 (15)
does not coincide with eq. (1), Q.E.D. This is the key difference of the QGM shell from the cases
studied earlier, namely, the dust shells, bubbles, several fluid shells. Those can formally have
an infinite radius, because they preserve a proper equation of state and thus their own existence
at infinity.
(iii) The choice of metrics of spacetimes outside and inside the QGM shells. The choice
of fixed Φ±(r) must take into account at least the two physical factors, namely, the electrical
neutrality of QGM and existence of the nontrivial QCD vacuum. The estimate of energy density
of the physical vacuum with respect to the vacuum of the perturbation theory was obtained by
means of the QCD sums in ref. [12], see also ref. [13]
εv = −500 MeV fm−3. (16)
In general relativity a physical vacuum is usually considered through the application of the de
Sitter term [14]. Thus, taking into account the aforesaid, we suggest
Φ±(R) = −2M±/R− 8πεv±R2/3, (17)
which corresponds to the neutral QGM shell surrounding a neutral QCD object ( e.g., strange
star or neutral hadron) with mass M−. Then M+ is the total observable mass (energy) of the
whole configuration.
Finally, taking into account the items (i)-(iii), the equations of motion of the QGM shells (6)
can be written more strictly√
1− 2(M+ + Ev+)
R
+ R˙2 −
√
1− 2(M− + Ev−)
R
+ R˙2 = −m(R)
R
, (18)
m(R) = 8π(BR4 + δ2)/R = 8πB(R4 + 3)/R, (19)
where Ev± = 4πεv±R
3/3. From eq. (18) it can readily be seen that the sufficient conditions of
matching of the spacetimes Σ+ and Σ− across the shell at any R are the inequalities
M+ > M−, εv+ > εv−. (20)
In this connection the following fact is attractive. If one supposes the external metric (3) to be
asymptotically flat (the shell completely screens the QCD vacuum from an observer in Σ+ and
it corresponds to the modern observable physical picture), then εv+ = 0 and hence εv− < 0.
Thus, the expected sign of the vacuum energy is in agreement with the estimate (16) obtained
irrespective of general relativity.
Further we study the static QGM shells. Differentiating eq. (18) with respect to τ , we obtain
R¨ + (M+ − 2Ev+)/R2√
1− 2(M++Ev+)
R
+ R˙2
− {“− ”} = −
(
m(R)
R
)
,R
, (21)
where {“− ”} means the term obtained from the first term by replacing the subscript “+” on
M and Ev by “−”. Equations (18) and (21) at R˙ = R¨ = 0 give the equilibrium conditions [15]√
1− 2(M+ + E
0
v+)
R0
− {“− ”} = −m0
R0
,
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(22)
M+ − 2E0v+√
1− 2(M++E0v+)
R0
− {“− ”} = −R20
(
m0
R0
)
,R0
,
where E0v± = Ev±|R=R0 , m0 = m(R0). Unfortunately, exact analytical examination of the system
(22) is impossible because of mathematical troubles. So we perform expansion in series with
respect to the small parameter εv− (according to eq. (16), dimensionless |εv−| ∼ 10−19). Then
the system (22) yields
α2+ − E0v+
α+
− {“− ”} = − m0√
R0
,
(23)
α2+
(
M+ − 2E0v+
)
+M+E
0
v+
α3+R
3/2
0
− {“− ”} = −
(
m0
R0
)
,R0
,
where α± =
√
R0 − 2M±.
Further we consider the two approximations corresponding to the microscopic (a) and astro-
nomical (b) QGM shells.
(a) M-approximation. It is well-known that radii of elementary particles are much greater
than their horizon radii, hence R0 ≫ 2M±. Then to the first order in 2M±/R0 the system (23)
can be greatly simplified. Taking into account eq. (19), we have
∆εv = 6B(1−R−40 ), ∆M = 32πBR−40 , (24)
where ∆εv = εv+ − εv−, ∆M = M+ −M−. Solving this system, we obtain both the radius of
the microscopic QGM shell in equilibrium
R0 = B
1/4 (B −Bc)−1/4 (25)
and the value of the mass amplification effect [11]
∆M = 32πB3/4(B − Bc)1/4, (26)
where the critical value of the bag constant is
Bc = ∆εv/6. (27)
Hence it can readily be seen that at B ≤ Bc the decay of QGM shells takes place (see in this
connection remarks (14), (15)).
The quantitative estimations will be performed upon assuming of the full screening of QCD
vacuum, i.e., εv+ = 0 (see the comments after eq. (20)). Then taking into account eq. (16), we
obtain
Bc ≈ 83.33 MeV fm−3. (28)
Finally, following eqs. (25), (26), and (28), we represent the values of R0 and ∆M for some
chosen bag constants B (in MeV fm−3)
B = 83.334 : R0 = 18.8, ∆M = 0.48mp,
B = 86.7 : R0 = 2.25, ∆M = 4.13mp,
B = 91.5 : R0 = 1.83, ∆M = 5.37mp,
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where mp is the proton rest mass. Further, ∆M does not depend on M± (26) and, therefore,
can be interpreted as the proper mass of an equilibrium QGM shell with provision for gravity.
In this connection it should be pointed out that the estimations above do not speak (almost)
nothing about internal structure of such shells. For instance, ∆M = mn0 (at some B) does not
mean that the shell consists of a single neutron and thus models it. These shells are initially
defined to be macroscopical entities (and evidently cannot be used for modelling the known
particles) but their masses can be less than the sum of masses of constituent particles because
of both the strong binding energy and gravitational defect of mass, thereby the latter is non-
negligible as was shown. Besides, one can see that in this case admissible B should be more
than 83.33 MeV fm−3 that, as it is well-known, corresponds to macroscopical bags rather than
to those modelling the known non-resonance particles for which B ∼ 60− 70 MeV fm−3.
Finally, of course these estimates can be sufficiently conditional, since, in the real microscop-
ical world the model of the (globally) classical spherical QGM shell can be too rough because of
presence of uncompensated spins, electrical charges, quantum fluctuations, pair creations etc.
(b) A-approximation. Now we consider the case of the shells with great masses and radii.
It means that (i) we neglect the value of mass amplification (∆M/M± ≪ 1), (ii) the shell
radius R ≫ 1, hence the repulsion (i.e., the quasicharge δ) in eq. (19) can be neglected. Thus,
we assume M+ = M− = M , δ = 0. In addition, we assume the full screening of the QCD
vacuum (εv+ = 0). Then eqs. (18) and (21) after expansion in series with respect to εv− yield,
respectively, √
1− 2M/R + R˙2 = Bc/B, (29)
R˙
(
R¨ +M/R2
)
= 0, (30)
where Bc is determined by eq. (27) at ∆εv ≡ −εv− and evaluated in eq. (28). One can see that
the last equation is satisfied identically at equilibrium, and eq. (29) yields
R0 = 2MB
2
(
B2 − B2c
)−1
. (31)
Notice, this expression has the physical sense only at B > Bc, then always R0 > 2M . In other
words, the critical value Bc plays its role at astronomical scales too. Finally, we make some
quantitative estimations. Let the QGM shell be surrounding the strange star considered by
Witten (Mstar = 1.63M⊙, B = 86.7 MeV fm
−3, Rstar = 8.82 km). Strictly speaking, we could
assume any other, suitably small, massive star (e.g., the neutron star) instead of the strange one,
but the strange star seems to be the most probable astronomical source of quark-gluon matter.
Besides, we will assume that the star and enveloping shell are “made” from the same matter,
i.e. their bag constants are equal. Then, according to eq. (31), the radius of an equilibrium
QGM shell has to be R0 ≈ 32 km, i.e., more than 3.6 radii of the star.
Thus, in the present paper some aspects of dynamics of the spherically symmetric quark-gluon
matter shell were considered. Let us summarise briefly the main results obtained. The general
physical sense of the QGM shells is the shell appears to be a natural mechanism of the cut-off
of vacuum energy. Indeed, the de Sitter term (widely used for describing of vacuum energy) is
non-vanishing (moreover, increases as R2) at infinity, hence we have the disagreement with the
known properties of strong interactions at large distances. Thus, the QGM shell obviates the
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contradiction between the global nature of the de Sitter term and the short-range nature of the
strong forces. Further, we have obtained not only the exact relativistic equations of motion and
conditions of equilibrium of the QGM shells but also the conditions of their decay in terms of the
vacuum energy. Thereby, the critical value of the bag constant Bc appears both as the additive
restriction for B and the useful parameter for the detection of the possible nucleation-decay of
QGM shells.
Of course, we supposed these shells to be globally classical entities. On the other hand, it
would be very important to study their quantum properties, including possible part of such
shells at the quark-hadron phase transition in the early Universe [16].
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